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ABSTRACT 
All quantities, which are measured in the gravity field of the Earth are affected by the field, therefore, there should be 
correlations amongst them. Here, we focus on some gravimetrically-determined quantities like deflections of vertical, 
deflections of Moho, vertical-horizontal gravity gradients and the shear sub-lithospheric stress components due to mantle 
convection. We show that how these quantities are related to each other mathematically so that one of them can be written in 
term of another. This somehow proves the presence of the mentioned correlations theoretically. Also, we generate the maps 
of these quantities over the Indo-Pak and surrounding areas and show how similar they are. Thereafter, they are explained 
and interpreted geologically. Our investigations show that the maps of these quantities are in good agreements with 
topographic and geological features. The map of the vertical-horizontal gravity gradients shows more detailed information of 
the gravity field due to signal amplification at high degrees, that of Moho deflection shows sub-surface features due to 
reduction of the effect of topographic masses. The map of the shear sub-lithospheric stress components is much smoother 
than the gradients, as expected, and has good agreement with the collisional and subduction zones as well. 
Keywords: Global Stress, Local Stress, Runcorn’s Simplified Navier-Stokes Equations, Moho Discontinuity. 
1. INTRODUCTION 
Geoid and Moho surfaces, gravity gradients and 
sub-lithospheric stress due to mantle convection are 
the quantities, which are all dependent on the 
Earth’s gravity field. Therefore, we can determine 
them if the gravity field is available to us and we 
can expect to see correlations amongst these 
quantities. The geoid is the physical shape of the 
Earth and the best approximation to the mean sea 
level. For determining a geoid model some 
information about the Earth’s gravity field is 
required, which are categorised as the Earth’s 
gravity models and terrestrial gravimetric data. 
Different methods have been developed so far for 
determining precise geoid models over different 
territories. Different dedicated satellite missions 
have been assigned to model the long wavelength 
structure of the Earth’s gravity field to support the 
global geoid model (see e.g. Eshagh 2013, Ebadi 
and Eshagh 2014). 
Moho surface, as a discontinuity between the 
mantle and crust, can also be determined using the 
gravity field and topographic/bathymetric (TB) 
data based on isostatic theories, which normally 
require initial assumptions about the density 
contrast between the crust and mantle and the mean 
value of the Moho depth. The work on Moho 
computation was started when Heiskanen (1931) 
presented a method for Moho depth estimation 
assuming regional compensation of topographic 
masses. Afterward, Parker (1972) and Oldenburg 
(1974) modelled Vening Meinesz theory for Moho 
recovery. Gomes-Ortiz and Agarwal (2005) and 
Shin et al. (2007) modified the iterative method of 
Parker-Oldenburg for 3-dimentions and Kiamehr 
and Gomes-Ortiz (2009) applied this method to 
estimate the Moho depth in Iran from the terrestrial 
gravimetric data and the Earth gravity model 
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EGM08 (Pavlis et al. 2008). Moritz (1990) 
upgraded the Vening Meinesz hypothesis by 
developing it to a spherical Earth model with some 
approximations, which were not suitable for 
inverting the gravity data. Sjöberg (2009) 
reformulated this problem differently and presented 
another method, named it the Vening Meinesz-
Moritz (VMM) inverse problem in isostasy. 
Bagherbandi and Sjöberg (2011) compared the 
gravimetric local Airy-Heiskanen and the VMM 
models with the seismic CRUST2.0 global model 
(Bassin et al. 2000) for estimating the Moho depth.  
Eshagh (2009b, 2010a) studied the effect of lateral 
density variation in the crustal and topographic 
masses on the GOCE data. Sampietro (2009) 
studied the Moho depth recovery from the Gravity 
Field and Steady-State Ocean Circulation Explorer 
(GOCE) (ESA 1999) data and found that the Moho 
model can be improved by 2 km from satellite 
gradiometric data. The idea of combining the 
seismic and gravimetric models of Moho presented 
by Eshagh et al. (2011) using their spherical 
harmonics (SHs) and later on Eshagh and 
Bagherbandi (2012) combined these two models 
locally in Fennoscandia and estimated the qualities 
of the models. Sjöberg (2009) inverse problem of 
isostasy was implemented by Bagherbandi (2011) 
later on, and developed this method further and 
applied it successfully over different areas. 
Bagherbandi and Eshagh (2012) have developed 
this method for the satellite data use. 
For definition of gravity gradients as the second-
order partial derivatives of the geopotential, we 
need to define a coordinate frame. If we consider a 
local north-oriented frame (LNOF), whose z-axis 
radially upward from any point outside the Earth’s 
surface, its x-axis points towards east and the frame 
is left-handed, we can define the gravity gradients. 
x and y axes of the LNOF are perpendicular to z-
axis and since z is along the plumb line, x and y are 
considered as horizontal axes. Here, we focus on 
the vertical-horizontal (VH) gravity gradients, 
which means that we take one derivative of the 
geopotential towards z and the other x and/or y; 
(see e.g. Martinec 2003, Eshagh 2010b). 
Runcorn (1964) developed a theory for determining 
the sub-lithospheric shear stress components due to 
the mantle convection by solving the Navier-Stokes 
equation for a two-layered Earth model. He 
assumed that the outer layer is solid and the inner 
one has a constant viscosity, and the stress due to 
mantle circulating convection causes stresses of 
shear type below the outer layer. He used a similar 
frame to the LNOF for presenting the stress 
towards the north and the east. There is no stress of 
compression and tension type in his solution. After 
Runcorn (1964, 1967) a lot of investigations have 
been made in order to compute the sub-crustal and 
sub-lithospheric stresses due to mantle convection; 
e.g. see Mckenzie (1967), Waltzer (1970), Marsh 
and Marsh (1976), Lux et al. (1979) etc. However, 
we can use the theory presented by Fu and Huang 
(1983) or Liu (1980) to propagate these shear 
stresses through the lithosphere by solving a 
boundary-value problem of the elasticity for the 
lithosphere. In this case, a full tensor of stress is 
achievable. The Runcorn’s model is rather simple 
and has direct relation with the SH coefficients of 
the Earth’s gravity field. So we can see that these 
stresses are also correlated with the gravity field. 
In this study, we use the SH expressions of the 
geoid, Moho, VH gravity gradients and the sub-
lithospheric stress and derive each of them in term 
of another. This could be theoretical continuation 
of the study of Kiamehr et al. (2008), who found 
strong correlations between the gravity gradients, 
deflections of vertical and Earthquake points over 
Iran. The relation of Earthquakes with tectonic 
movements due to mantle convection is obvious. 
So the presence of correlation between the 
Earthquake points and sub-lithospheric stress is 
self-evident. Therefore, by finding the relation 
between this stress and the mentioned quantities, 
one can somehow observe the correlation of them 
with respect to the Earthquake points. Here, we 
select Indo-Pak plate and surrounding areas and 
compute the geoid model, VH gradients, Moho and 
stress over this area and interpret the maps 
geologically. 
2. THE STUDY AREA  
We select an area bounded between the latitude 0

N to 60

N and longitudes 40

E to 120

E covering 
Pakistan, Afghanistan, India, Iran and parts of 
surrounding countries. This area is famous for its 
active tectonics and rough topography and is an 
academic example, which includes most of the 
geological features, such as mid-ocean ridges, 
orogenic belts, passive and active margins around 
the area. The Makran subduction zone is an active 
margin, Indus offshore is passive and Himalayan 
orogenic belt is characterised by collisional plate 
boundary between Indian and Eurasian plates. 
Moreover the area is hosting some active mid-
oceanic ridges like Mid-Indian ridge, Carlsberg 
ridge and Aden ridge as well as some dormant 
ridges like Ninety east and Chagos-Laccadive 
ridges. In the southwest of Indo-Pak plate, a triple 
junction of Arabian, Indian and Eurasia plates also 
lies. Therefore, the differences between 
aforementioned quantities should be more visible 
over this area. Such type of study is an example for 
the rest of areas all over the globe having similar 
properties. 
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3. MATERIAL AND METHOD 
Our mathematical models are all based on SHs, 
therefore, we have to use global SH models of the 
TB heights as well as that of the gravity model. 
Here, we use the SRTM30 digital elevation model 
(Farr et al. 2007) to compute the effect of TB 
masses on the gravity field, and EGM2008 gravity 
model (Pavlis et al. 2012) for presenting the 
gravimetric information. SRTM30 has been 
developed to degree and order 2160 so as 
EGM2008 which is partially higher up to 2190. We 
used these two models as they both include high-
degree SH coefficients. 
3.1 GEOID AND DEFLECTIONS OF 
VERTICAL  
The SH expansion of the disturbing potential ( T ) is 
(Heiskanen and Moritz 1967, pp. 84-85):  
(1a) 
max max1 1
1
2 2
( , )
N Nn nn
nm nm n
n m n n
R R
T T X T
r r
θ λ
+ +
= =− =
   
= =   
   
∑ ∑ ∑ , 
and 
(1b) ( )1 ,
n
n nm nm
m n
T T Χ θ λ
=−
= ∑ ,  
where GM is the geocentric gravitational constant, 
R  is the semi-major axis of the reference ellipsoid, 
r  is the geocentric distance of any point above the 
Earth’s surface ( )1 ,nmΧ θ λ  is the fully-normalised 
SHs of degree n and order m with arguments of 
colatitude and longitude, denoted by θ  and λ , 
respectively. 
max
N  is the maximum degree of the 
expansion, nmT  stands for the SH coefficients of T
. 
The geoid is an equipotential surface, which is the 
best approximation to the mean sea level. Its long 
wavelength structure can be presented by using the 
available global gravity models. For computation 
of a precise geoid model, terrestrial gravimetric 
data should be used to recover the short wavelength 
structure of the model. In this case the effect of 
topographic and atmospheric masses should be 
reduced from the data and the data should be 
continued downward to sea level for being 
integrated, later on these effects are restored back 
to the computed geoid model. However, the general 
structure of the geoid is derived from gravity model 
and the short wavelength contribution are smaller 
than medium to long wavelengths. Therefore, for 
the present study, which we want to find the 
relation between geoid and other quantities, the SH 
expansion and gravity models are enough. 
Assuming that R = r in Eq. (1a), the geoid can 
simply be computed by dividing T  by the normal 
gravity γ  (Heiskanen and Moritz 1967, p. 85): 
(1c) 
T
N
γ
= . 
The deflections of the vertical are the northward 
and eastward derivatives of the geoid, which show 
its slope with respect to the reference ellipsoid 
towards the north and east. Here, we use the LNOF 
for defining them. The SH expansions of the 
deflections of the vertical in this frame are (idib 
1967): 
(1d) 
max
2
1 2
2
1
( , )
N n
nm nm
n m n
T X
R
ξ η θ λ
γ
= =−
+ = ∑ ∑e e , 
where ξ  and η  are the north-south and east-west 
components of the deflection of the vertical, 
respectively and 1e  and 2e  are the unit vectors 
towards the north and east. ( )2 ,nmΧ θ λ  is the fully-
normalised surface vector SHs of degree n and 
order m with the following relation with 
( )1 ,nmΧ θ λ : 
(1e) ( ) ( ) ( )
1 1
2
1 2
, ,
,
sin
nm nm
nm
Χ θ λ Χ θ λ
Χ θ λ
θ θ λ
∂ ∂
= +
∂ ∂
e e . 
Generally, the following orthogonality property 
exists for the SHs of any type (Martinec 2003): 
(1f) ( ) ( ) { ( 1), . , d 4 ij nn mmij nn mmjinm n m n nδ δ δδ δ δ
σ
Χ θ λ Χ θ λ σ π ′ ′
′ ′′ ′ +
=∫∫ , 
where δ  is Kronecker’s delta, σ  is the unit sphere 
and dσ  is the integration element.  
3.2 VERTICAL-HORIZONTAL GRAVITY 
GRADIENTS 
The SH expansions of the VH gradients are 
(Petrovskaya and Vershkov 2004, Martinec 2003, 
Eshagh 2009a):  
(2a) 
( )
max
1 2
3
2
2
2
1
2 ( , )
xz yz
N n n
nm nm
n m n
T T
R
n T X
rR
θ λ
+
= =−
+ =
 
= +  
 
∑ ∑
e e
. 
Now, we define another quantity VHT  by replacing 
( )1 ,nmΧ θ λ  for ( )2 ,nmΧ θ λ in Eq. (2a), which we 
will use for our analysis later. If we assume that R 
= r then: 
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(2b) 
( )
( )
max
max
3
1
VH 2
2
3
2
2
1
2 ( , )
1
2
N n n
nm nm
n m n
N n
n
n
R
T n T X
rR
R
n T
rR
θ λ
+
= =−
+
=
 
= + = 
 
 
= +  
 
∑ ∑
∑
. 
Equation (2a) is of vector type whilst Eq. (2b) is 
scalar and easier to work with.  
3.3 GRAVIMETRIC APPROACH TO MOHO 
MODELLING BY VMM THEORY 
Generally, Moho surface can be determined by the 
VMM theory of isostasy. Sjöberg (2009) developed 
this theory and presented a formula for determining 
this depth: 
(3a) 
( )
2 2 2
Moho 3
1
8 sin 2
d
D D D
D D
R R
σ
ψσ
′ −
= + − ∫∫ , 
where the important parameter to estimate is D , 
which is the approximate value of Moho depth. The 
D′  means that D  is at the integration point and 
finally ψ  is the spherical geocentric angle between 
the computation and integration points. Sjöberg 
(2013) and Sjöberg et al. (2015) investigated the 
use of gravity disturbance and the topographic 
effect on the Moho model and concluded that by 
using the gravity disturbance instead of gravity 
anomaly, the Moho modelling will be improved. 
Here, we change that formula and write the first 
term of Eq. (3a) in terms of TB potential and T 
(Eshagh, 2014b): 
(3b) ( )( )
( ) ( ) ( )
max
TB 1
0
0
2 1 11
,  
1
and 4
N n
C0 n nm nm nm
n m n
n n
D A V T X
n R
G
δ θ λ
ω
ω π ρ
= =−
 + −
= − + −  + 
= ∆
∑ ∑   
where ρ∆  the density contrast between the crust 
and mantle, δ  is Kronecker’s delta, and TB
nmV  the 
TB potential and finally: 
(3c) 0
3
1 1
3
C0
DR
A
R
ω   = − −  
   
, 
is the compensation attraction and D0 is the normal 
or mean Moho depth, which should be a priori 
known. The TB effect can be computed by (cf. 
Eshagh 2010a): 
(3d) ( )
( )
( )
( )
( )( )
( )
2
TB
E 2
3
3
3
2
2 1 2
              2 1
6
nm nm
nm
nm
HH
V n
Rn R
H GM
n n
RR
ρρ
ρ
ρ

= + + +
+ 

+ + +

, 
where  
(3e) 
continentsc
oceanswc
ρ
ρ
ρ ρ

= 
−
,  
where 
Eρ =5500 kgm-3 stands for the mean density 
of the Earth, 
c
ρ =2670 kgm-3 is the topographic 
masses density and 
w
ρ =1000 kgm-3 is the density 
of water. We can also compute the deflections of 
Moho by replacing ( )1 ,nmΧ θ λ  by ( )2 ,nmΧ θ λ  in 
Eq. (3b) and dividing the result by R: 
(3f) ( )( )
( ) ( ) ( )
max
1 2
TB 2
2
0
2 1 11
,
1
x y
N n
nm nm nm
n m n
D D
n n
V T X
nR
θ λ
ω = =−
+ =
 + −
= −  + 
∑ ∑
e e
. 
3.4 RUNCORN’S SIMPLIFIED NAVIER-
STOKES EQUATIONS 
Runcorn (1967) substantially simplified the Navier-
Stokes equations in the case where the distribution 
of the density, pressure and gravity in the 
lithosphere and asthenosphere are known. He 
further supposed that the upper part of the Earth’s 
body consists of two layers of the outer layer is 
rigid and quiet and the inner viscous layer satisfies 
the following conditions (Pick 1994): 
1. Its size is large enough so that the 
gravitational effect of the lower 
boundary can be neglected. 
2. The shape of the upper boundary is 
such that there exists the hydrostatic 
equilibrium 
3. The coefficient of viscosity is 
constant and equal to 1021 Pa. 
Therefore, the stresses between the two layers can 
be derived by: 
(4a) 
max
2
1 2
2
( , )
N n
x y n nm nm
n m n
S S T Xκ ν θ λ
= =−
+ = ∑ ∑e e . 
In fact, the frame used for taking the derivatives, is 
the LNOF, which means the x-axis is pointing 
towards the north and y-axis to the east. κ and nν
in Eq. (1) are defined by: 
(4b) 
2 1
Lith
Lith
,  
and  
1 2 1
14 ( ) n
Rg n
n
nG R D s
R D
s
R
κ ν
π +
+
= =
+−
−
=
 , 
where LithD  and R, respectively, stand for the 
mean lithospheric depth and the mean Earth’s 
radius. g is the gravity attraction, 
max
N  stands for 
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the maximum degree of SH expansion. The series 
is asymptotically convergent so we have to limit 
the series to the maximum degree Nmax; see Eshagh 
(2015) and the discussion about the degree of the 
convergence of such a series. 
Eq. (4a) involves the derivatives of the SHs, but 
Eshagh (2014a) used the following function 
considering only the SHs instead of their 
derivatives, and called it SF. Therefore, the SF has 
the following SH expansion: 
(4c) 
( )
max max
max
1
2 2
2
,
N N n
n n nm nm
n n m n
N
n n
n
S S T
T
κν Χ θ λ
κ ν
= = =−
=
= = =
=
∑ ∑ ∑
∑
. 
The SF contains an amplifying factor of nν  so as 
original formulae of Runcorn (1967) but SF does 
not involve the derivatives of SHs and therefore, it 
is asymptotically-convergent to higher degrees than 
the Runcorn’s (1967), formulae presented in Eq. 
(4a). After computing the SF, we determine its 
derivatives numerically towards the north and the 
east as Sx  and Sy  which are the slopes of this 
function along these directions. 
3.5 RELATIONS AMONGST DIFFERENT 
QUANTITIES 
The SH expressions of geoid and Moho surfaces do 
not involve derivatives of SHs, but the sub-
lithospheric shear stress components and VH 
gravity gradients do. In the previous sections, we 
have defined two scalar quantities, TVH and SF, 
from which the sub-lithospheric shear stress 
components and VH gravity gradients are derived 
by taking derivatives of them northwards and 
eastwards. In such a case, we can simply find the 
mathematical relation amongst these new quantities 
and the geoid and Moho surfaces and 
correspondingly their derivatives. In the following, 
we will present the mathematical way of finding 
the relation both in scalar and vector forms. 
3.5.1 VH GRAVITY GRADIENTS AND 
DEFLECTIONS OF VERTICAL 
Here, we use the spectral form of Eq. (2b) and 
write (Petrovskaya and Vershkov 2006, Eshagh 
2009a): 
(5a) ( )VH, 2
1
2n nT n T
R
= + . 
We use Eqs. (1a) and (1b) for writing the spectral 
form:  
(5b) 
n
n
T
N
γ
= . 
Solving Eq. (5b) for nT  , substituting the result into 
Eq. (5a) and simplifications yield: 
(5c) VH, 2 2
2 1
n n n
T N nT
R R
γ
= + . 
Taking summation from degree 2 to Nmax reads:  
(5d) 
max
VH 2 2
2
2 1
N
n
n
T N nT
R R
γ
=
= + ∑ . 
The second term on the right-hand side (rhs) of Eq. 
(5d) simply shows the difference between VHT  and 
22 N Rγ . Eq. (5d) shows that there is a direct 
relation between the geoid height and VHT  and 
there exists correlation between what we get from 
them. Similarly we can derive the mathematical 
relation between the pairs (
xzT , yzT ) and ( ),ξ η  by 
using the vector SHs: 
(5e) 
( )
( )
max
1 2 1 23
2
3
2
2
1
,
xz yz
N n
nm nm
n m n
T T
R
n T X
R
γ
ξ η
θ λ
= =−
+ = + +
+ ∑ ∑
e e e e
. 
The second term on the rhs of Eq. (5e) is the 
difference between these pairs in terms of 
nmT .  
3.5.2 GEOID AND MOHO 
Nord and Sjöberg, (1992) and Sjöberg et al. (1994) 
modified the relation of geoid and Moho depth 
presented by Anderson (1984) and applied their 
method over Fennoscandia (see also Turcotte and 
Schubert, 2014, pp 230-260). Here, we adopted the 
concept of this relationship but derived our own 
mathematical relations. The SH expansion of the 
Moho depth in term of 
nmT has been presented in 
Eq. (3b). According to Eq. (1c) showing the 
relation between the geoid height (N) and T, we can 
update Eq. (3b) into the following form: 
(6a) ( )( )
( ) ( )
max
TB
0
0
2 1 11
1
N
C 0 n n n
n
n n
D A V N
n R
δ γ
ω =
 + −
= − + −  + 
∑ . 
One issue that should be mentioned here is that N 
alone does not include the zero- and first-degree 
harmonics so as T. It means that N cannot be used 
for Moho determination and the TB potential, 
including these harmonics, should be considered in 
addition to the effect of the normal compensation 
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attraction
C 0A . Eq. (6a) shows that for determining 
a Moho model, two primary parameters are 
required, one is the normal compensation depth and 
the other one is ρ∆ to compute
C 0A . However, the 
former just participate in the zero-degree harmonic 
of the Moho model, the first-degree harmonics 
come from the TB information, and the rest of the 
frequencies, from TB
nV , nN  and ρ∆ . This means that 
ρ∆  plays important role in generating the Moho 
undulations. 
We already presented the SH expansion of the 
Moho deflections in Eq. (3f). Now, we simplify 
this equation further to find a direct relation 
between the deflections of the vertical and Moho: 
(6b) ( )TB0 1 22 3
1
C0 n
n n n
A
D n V N
R n
δ
γ
ω ω
−  = + − + − + 
. 
Now we try to separate N and TB potential from 
Eq. (6b): 
(6c) 
( )
( )
TB0
TB
3
1 2
2
1
C0 n
n n n
n n
A
D V N
R
n V N
R n
δ
γ
ω ω
γ
ω
−
= − − +
 + + − + 
. 
By taking summation from 0 to Nmax we obtain: 
(6d)  
( )
( )
max
TB
TB
0
3
2 1
1
C0
N
n n
n
A
D V N
R
n V N
R n
γ
ω ω
γ
ω =
= − − − +
 + + − + 
∑
. 
The second term on the rhs of Eq. (6d) is the 
contribution of the total TB potential and geoid. 
The first term is related to the attraction 
compensation. As we can see the relation between 
the Moho and TB potential and geoid is very 
complicated and we cannot find a simple formula 
for that. In order to find a similar relation between 
the deflections of Moho and vertical we can write: 
(6e) 
( ) ( )
( ) ( )
max
TB TB
1 2 1 2 1 22 2
TB 2
2
0
3 3
2 1
,
1
x y
N n
nm nm nm
n m n
D D
R R
n V N X
nR
ξ η ξ η
ω ω
γ θ λ
ω = =−
+ = − + + + +
  + + −  +  
∑ ∑
e e e e e e
  
where 
TBξ  and TBη  are, respectively, the TB 
effects on ξ  and η . Note that the first term of Eq. 
(6c), which is due to the normal compensation does 
not exist in the Moho deflection as it is a constant. 
3.5.3 SF AND VHT  
The SH expansion of the SF was already presented 
in Eq. (4c), those of VHT  and N , respectively in 
Eqs. (5a) and (1c). The spectral relation between 
nT  and the SF can be written as: 
(7a) n n nS Tκν= . 
The spectral relation between VHT  and T has been 
already presented in Eq. (5a). By solving Eq. (7a) 
for 
nT  and substituting the result into Eq. (5a) we 
have: 
(7b) ( ) ( )( ) 1VH, 2 2
2 11 1
2
2 1
nn
n n
n
n nS
T n s S
nR Rκν κ
++ += + =
+
. 
We can simply solve Eq. (7b) for nS  to obtain it in 
terms of VH,nT . We skip this step to shorten the 
paper. We simplify Eq. (7b) to  
(7c) 
1
VH, 2
1 1
2 2
1 5 0.75
4 2 2 1
1 5 1 0.75
4 2 2 1
n
n n
n n
n n
n
T s S
nR
n
s S s S
nR R
κ
κ κ
+
+ +
 
= + + = + 
 
= + + + 
. 
The mathematical relation between VH,nT  and nS  
is complicated, however, if we approximate  
(8a) ( ) ( )
1 1
1 1 1 1 3
n n
n R D D Ds n O
R R R
+ +
+ −   = = − = − + +   
   
. 
By inserting Eq. (8a) into Eq. (7c) and further 
simplifications we get: 
(8b) 
( )
VH, 2 2
1
5 1 1 0.75
4 2 2 1
1
n n
n
n
n
T S
nR R
D
s n S
R
κ κ
+
 
= + + + 
 
× − + 
 
. 
By taking summation from both sides over n we 
obtain: 
(8c) 
( ) ( )
max
VH 2 2
2
1
5 1 1 0.75
4 2 2 1
1 3
N
n
n
n
n
T S
nR R
D
s n O S
R
κ κ =
+
 
= + + + 
 
× − + + 
 
∑
. 
The second term on the rhs of Eq. (8c) shows the 
correction that should be added to the first term to 
obtain VHT  from S. This term appears due to the 
spectral difference between the SF and VHT  
harmonics and the approximation of 1ns + . Here, we 
use the linear term, but the lithospheric depth is 
large so that this linear term is not enough and we 
need to consider the higher order terms in the 
Taylor expansion (8a). The first term could be only 
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a rough approximation of VHT , if we ignore the 
second term. 
We can simply obtain the relation between the pairs 
( ),xz yzT T  and ( ),x yS S : 
(8d) 
( )
( )( ) ( )
max
1 2 1 22
2
3 1
2
5 1
4
1 1
2 1 1.5 ,
2
xz yz x y
N n
nm nmn
n m n
T T S S
R
n n T X
R s
κ
θ λ
+
= =−
+ = + +
+ + +∑ ∑
e e e e
. 
By taking the second term on the rhs to the left and 
simplifying the result we can a formula to obtain 
( ),x yS S from ( ),xz yzT T and the differences. One 
can roughly approximate ( ),x yS S from ( ),xz yzT T  
considering only the first term. 
3.5.4 GEOID AND SF 
The relation between nN  and nS  is rather simple 
and we can obtain it from Eq. (1c) and Eq. (7a): 
(9a) 
11 1 1
2 1
nn
n n
n
S n
N s S
nγκ ν γκ
++= =
+
. 
We rewrite Eq. (9a): 
(9b) ( ) ( )12 1 1 3
1
n n
D
N n O S
n R
γκ   − = − + +   +   
. 
After simplifications we get: 
(9c) ( )1 2
1
n
n n n
ND
S n S N
R n
γκ γκ− + = −
+
. 
Summing up both sides over n yields: 
(9d)  ( ) ( )
max max
2 2
1 3 2
1
N N
n
n
n n
ND
S n O S N
R n
γκ γκ
= =
 
− + + = −  + 
∑ ∑ . 
After rearranging Eq. (9d) we obtain: 
(9e) ( )
max max
1
2 2
2 1
1
N N
n n
n
n n
T
N S s S
n
γκ κ+
= =
= − − +
+∑ ∑ . 
Now we try to merge the second and third terms on 
the rhs of Eq. (9e) and write it terms of nT . From 
Eq. (4c) and substituting it into Eq. (9e) we obtain: 
(9f) ( )
max max
1
2 2
2 1
1
N N
n n
n n
n n
T
N S s v T
n
γκ κ κ+
= =
= − − +
+∑ ∑ . 
Finally, based on Eq. (4b) we have: 
(9g) ( )
max 1
1
2
1
2 2 1 1
1
N n
n
n
n
T s
S N n
n s
γκ κ
+
+
=
   − = +  + −     +    
∑ , 
and for the relation between ( ),ξ η  and ( ),x yS S we 
get: 
(9h)   
( )
( ) ( )
max
1 2 1 2
1
2
1
2
2
1 1
2 1 1 ,
1
x y
N nn
nm nmn
n m n
S S
R
s
n T X
n s
γκ
ξ η
κ θ λ
+
+
= =−
+ = + +
   − +  + −     +    
∑ ∑
e e e e
. 
3.5.5 DEFLECTIONS OF MOHO AND 
STRESS COMPONENTS 
The mathematical relation between sub-lithospheric 
stress and Moho depth has been modelled by 
Eshagh (2015). However, in that work simple 
Bouguer correction has been considered for 
removing the effect of TB masses from gravity 
anomaly. Here, we used full TB information to 
compute the effect on gravity disturbance instead 
and reformulate it further to find the mathematical 
relation between the deflections of Moho and
( ),x yS S  as well. We first develop the formula 
between the Moho and the SF. Based on Eqs. (6b) 
and (7a) we have: 
(10a) ( )( ) TB0 2 1 11
1
C 0 n n
n n
n
n nA S
D V
R n
δ
ω ω κν
+ −  −
= + −  
+   
. 
Now, we separate the contribution of TB and the 
SF 
(10b) 
( )( ) TB0 2 1 11
1
C0 n
n n n
n nA
D V W
R n
δ
ω ω
+ − −
= + + 
+ 
, 
where 
(10c) 
( ) 1 1
1
1 1
1
1
n n
n n n
n
n
W n s S ns S
R R
s S
R
ω κ ω κ
ω κ
+ +
+
= − − = − +
+
. 
In order to take out the contribution of S from Eq. 
(10c) we can write: 
(10d) ( ) ( )1 1 11 1 1n n nn n n ns S s S S s S+ + += − + = + − , 
and by substituting the rhs of Eq. (10d) into Eq. 
(10c), we obtain:  
(10e) ( )( )1 11n nn nn S SW s ns
R Rω κ ω κ
+ += + − − . 
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Further simplifications of Eq. (10e) yields: 
(10f) 
1
1
2 1 1
1
n
n n
n n
S T n s
W n
R R n sω κ ω
+
+
 + −
= + − +  
. 
According to Eq. (10a) we can simply the second 
term on the rhs of Eq. (10b) and it will change to: 
(10g) 
( )
0
1
TB
1
1 2 1
1
1
1
C 0 n n
n
n
n nn
A S n
D
R R n
s
n V n T
s
δ
ω ω κ ω
+
+
− +
= + +
+
  −
× − + −     
. 
By taking the summation over n from 2 to Nmax we 
finally obtain: 
(10h) 
( )
max
2
1
T
1
2
1
2 1 1
1
1
C 0
N n
n nn
n
A s
D S
g R
n s
n V n T
n s
ω ρ ω
+
+
=
−
= + +
∆
  + −
× − + −   +   
∑
. 
We try to go back and write the last term of Eq. 
(10h) in terms of 
nmT . According to Eq. (4c) and 
further simplification of the result the following 
mathematical relation between the deflections of 
Moho ( ),x yD D and ( ),x yS S are derived: 
(10i) 
( )
( ) ( )
max
2
1 2 1 2
T 2
2 1
2
1 2 1 1
1 ,
1
x y x y
N n
nm nm nmn
n m n
s
D D S S
g
n n
n V T X
nR s
ρ
θ λ
ω += =−
+ = + +
∆
+ + + − − +  
∑ ∑
e e e e
. 
Note again that there is not contribution of the 
normal compensation to the solution as it is a 
constant.  
4. RESULTS AND DISCUSSION 
The section is divided into firstly, the numerical 
investigations over the aforementioned area and 
later on the discussion is presented of these results. 
4.1 NUMERICAL INVESTIGATIONS 
We divide this section into two parts. In the first 
part, we present the maps of TB heights, geoid, 
gravimetric Moho and SF. Thereafter, the 
deflections of vertical, Moho deflections, shear 
stress components and VH gravity gradients are 
presented over the study area and they are 
geophysically interpreted. 
4.1.1 TOPOGRAPHY/BATHYMETRY (TB) 
HEIGHTS, GEOID, MOHO, TVH AND SF 
Figure 1 illustrates the TB heights over the study 
area generated by the SRTM30 model to degree 
and order 2160 with a resolution of 5 5′ ′× . The 
most renowned Himalayan mountain belt can easily 
be recognised over the map. The belt is bordering 
northern margin of Indo-Pak plate and extending 
from northeast of India to the west of Pakistan and 
merges into Zagros belt of Iran towards south and 
southwest of Iran. For reader convenience, the 
tectonic boundaries are represented by red-coloured 
bold line on the maps of Figure 1, which are in 
closed correlation with topography. Tarim and 
Qaidam basin within Himalayas in the north of 
Indo-Pak and Suleiman-Kirthar belt of Pakistan can 
easily be traceable on the topographic map. No TB 
expression for Makran subduction zone can be seen 
in the south of Pakistan because of low relief 
Makran accretionary wedge and sediment filled 
trench. In Indian Ocean there are some imprints of 
submarine ridges, which are in closed agreement 
with Ninety East ridge and Andaman-Java Trench 
towards southeast and Chagos-Laccadive ridge to 
the southwest of Indian Peninsula. 
 
Fig. 1. TB heights over study area [km]  
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Carlsberg ridge within Arabian ocean is connected 
with Gulf of Aden ridge visible on the left bottom 
of Figure 1, which is an active arm of Afar hotspot 
(Bosworth et al. 2005). 
Eshagh (2012, 2013) mentioned that it is very 
important to compute the geoid on the surface of 
the reference ellipsoid. In addition, generation of 
geoid should be done up to degree and order 2190 
at the surface of the reference ellipsoid, otherwise, 
some errors will appear in the map of the geoid. In 
order to compute the other parameters, we remove 
the effect of the normal gravity field GRS80 
(Moritz 2000) from EGM2008 to generate the 
disturbing potential (T). Figure 2a is the regional 
geoid model of Indo-Pak plate and its surroundings 
generated by EGM2008 gravity model to degree 
and order 2190 with a resolution of 5 5′ ′× . The 
model is lacking a lot of information about the 
topographic and tectonic features because it is 
much smoother. Only rock masses of Himalayan 
and Tibet Mountain can be observed along with 
faint impression of Tarim and Qaidam basins and 
also other detailed features are missing. 
Figure 2b is the Moho model computed by the 
VMM method over Indo-Pak plate, representing 
high resolution over the investigated area because 
of having gravity and TB information; see Eq. (3b). 
It is worth mentioning that we have used full TB 
information rather than the simple model of 
Bouguer correction. Also, the mean density 
contrast considered for the continental and oceanic 
crusts are, respectively, 600 kg/m3 and 480 kg/m3 
by adopting reference density values of the 
continental and oceanic crust (Hinze, 2003). The 
mean Moho depths over these two areas were 
computed from the CRUST1.0 model (Laske et al. 
2013). We only used the first term of Eq. (3a) as 
the contribution of the rest of terms are 
considerably smaller even over Himalayan 
Mountains. For example, if the Moho depth under 
the Mt. Everest is 100 km, the contribution of the 
second-term will be less than 2 km. Bagherbandi 
(2011) mentioned that the contribution of the third 
term is even smaller. Figure 2b also shows that, 
TVH presented in Eq. (5a), is in closed agreement 
with Figure 1 as we have incorporated SRTM30 in 
our Moho model over the area. 
Figure 2c represents TVH and shows high sensitivity 
to tectonic and TB features of the area. This model 
is in closed agreement with Figure 1 and Figure 2b, 
even better than those models. Because these are 
gradients and linear tectonic boundaries are very 
well aligned with topographic features like 
Himalayas, margin of Tarim and Qaidam basin 
within Tibet plateau, Suleiman and Kirthar fold belt 
of Pakistan, Ninety East Ridge and Chagos-
Laccadive ridge within Indian Ocean and Owen 
fracture zone-Carlsberg ridge within Arabian 
ocean. Figure 2d, illustrates the SF over the area 
beneath Indo-Pak and its surroundings. This model 
is also in closed-correspondence with TB and 
geological features of the area. 
   
Fig. 2. a) Geoid model [m], b) Moho model [km], c) TVH [mE] and d) SF [MPa] 
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The SF map over the study area shows high values 
over Himalayas and Tibet block, whereas it within 
Tarim and adjacent Qaidam basin, it has high 
negative values. Andaman-Java Trench and Chagos-
Laccadive ridge are only the oceanic features that can 
be seen in Figure 2c and the rest of submarine ridges 
are not very well displayed. It should be noted that 
the SH expansion of the SF is not convergent and we 
cannot compute it up to high degrees, otherwise, very 
large and unrealistic values will be obtained. Here we 
used the SH expansion to degree and order 100. The 
convergence frequency is even lower when the 
lithospheric depth is large. However, in order to have 
a smooth map we had to interpolate them to 5 5′ ′× . 
4.1.2 DEFLECTION OF VERTICAL, VH 
GRAVITY GRADIENTS, DEFLECTION OF 
MOHO AND SHEAR STRESS MAGNITUDE  
The SRTM30 and EGM2008 models are used now to 
generate deflections of vertical, Moho deflections, 
VH gravity gradients and the shear stress 
components. Therefore, if we want to present them 
by each 8 we have to present 8 maps. However, 
instead of presenting these components we present: 
(11a)                                                   
2 2θ ξ η= +  
(11b)                                             2 2
def x yD D D= +  
(11c)                                               2 2
VH zx zyT T T= + , 
(11d)                                               2 2
M x y
S S S= + . 
θ  is the deflection of vertical, 
defD  is the Moho 
deflection and 
MS  is the magnitude of the shear sub-
lithospheric stress. 
In this part, we just use these models to degree and 
order 360 as by considering higher degrees and 
generating the deflections for high resolution maps, 
we obtained unrealistic values for them. Figures 3a, 
3b, 3c and 3d are the maps of θ , VHT , defD and MS , 
respectively, for the Indo-Pak and its surrounding 
areas. These maps clearly show high values along 
regional faults and tectonic boundaries because of 
topographic highs around Tarim and Qaidam 
intermontane basins in the north and northeast of 
Tibet Mountains. These depressions are characterised 
by low values of θ , VHT , defD and MS in Figures 3a, 
3b, 3c and 3d, respectively. Moreover, these models 
are in closed agreement with Himalayan orogenic 
belt of Indo-Pak plate. 
 
 
Figure 3. a) Deflection of vertical θ  (arc sec), b) VHT  (mE), c) Moho deflection defD  (arc sec) and d) shear stress magnitude MS  (MPa). 
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Tarim basin is bounded by Pamir and Tien Shan 
mountains on the west and north, respectively, and 
towards south it is bordered by Kunlun Mountains 
extending towards east and bordering Qaidam basin 
from south as well. Qaidam basin is demarcated by 
Altyn Tagh fault from north and farther to the 
northeast Gobi desert of China is situated; see Figure 
1. These mountains are clearly characterised by high 
values in Figures 3a, 3b, 3c and 3d. No considerable 
marks within Indo-Pak craton is visible because of its 
low topography and tectonic stability. Within 
Arabian ocean we find faint traces for Owen fracture 
zone, the Makran subduction zone and Persian Gulf 
in Figure 3a. Zagros Mountains of Iran are also 
visible in the model of vertical deflection. Mount 
Damavand of Alborz ranges of Iran can easily be 
picked in Figure 3b and 3c but rather smooth signals 
of this peak in Figure 3a and 3d are evident. 
In Figure 3a, we can find strong signals along 
Andaman-Java trench towards southeast of Bay of 
Bengal within Indian Ocean but weak signals for 
Ninety East ridge are evident. In Figure 3b and 3c, 
Owen fracture zone, Carlsberg ridge, Chagos-
Laccadive ridge and Andaman-Java trench within 
Arabian and Indian ocean are clearer but a fairly 
muddle imprint for Ninety East ridge is available in 
these models. 
4.2 DISCUSSION 
The TB masses of the area are clearly revealed by 
SRTM30 as show in Figure 1 and is in closed-
agreement with Figures 2b, 2c, 2d and Figure 3a, 3b, 
3c and 3d. Figure 2a, the geoid model of the area is 
not in closed correspondence with the other models 
because of its smoothness. Tectonic features like 
sutures and active faults are clearly visible on our 
computed models as shown in Figure 1, Figures 2b, 
2c, 2d and Figure 3a, 3b, 3c and 3d because of the 
combined effect of the topographic and lithological 
heterogeneities along these regional discontinuities. 
For example; Indus suture is characterised by high 
values of vertical deflection, VH gravity gradients, 
Moho deflection and SF (see Figure 3a, 3b, 3c and 
3d) because of the emplacement of mafic and 
ultramafic rocks of ophiolites along this belt of a 
paleo subduction zone (Virdi 1986) and the crustal 
part is much thicker than any other part of this 
continent. 
Figure 3a displays the maximum values of vertical 
deflection along mountain ranges like Himalayas, 
Kunlun and Altyn Tagh due to the sudden change in 
topography and maximum heterogeneities of rocks 
encountered within these ranges. Within Indian and 
Arabian oceans the submarine ridges are not very 
visible in this model because of the least variation in 
topography and homogeneous rock lithology i.e. 
basaltic composition as that of rest of the oceanic 
floor. The axis of Andaman island arc is obvious on 
Figure 3a probably due to its tectonic activeness 
(Sumatra earthquake 2004; Lay et al. 2005) and 
accretion of chaotic mixture of different rock types 
(mélange). Figure 3b resolved the area more closely, 
we can see some anomalous features along suture 
zone. The highest peaks of the area like Mt. Everest 
of Nepal and Jengish Chokusu Peak of Tien Shan 
Mountain can easily be recognised on the gradient 
map. Moreover, submarine ridges like Carlsberg 
ridge south of Pakistan, Chagos-Laccadive in the 
southwest of Indian Peninsula could easily be 
recognised because we incorporated a signal 
amplification factor ( )2n +  here and took the 
vertical deflection. 
The submarine ridges are getting clearer on Figure 3c 
because we remove the TB information and all the 
computation is done at Moho interface. Andaman-
Java Islands arc and Himalayan Orogenic belt is 
slightly displaced in Figure 3d than that in Figure 3c 
because we compute SF at a depth of sub-
lithospheric level and incorporate the TB information 
as well for shear stress computation. 
5. CONCLUSIONS 
Our mathematical derivations show that how the 
deflections of vertical, Moho deflections, vertical-
horizontal gravity gradients and the shear sub-
lithospheric stress components are related to each 
other. We further develop mathematical relation of 
each one of them in terms of another. This means that 
these quantities are theoretically correlated to some 
extent. The generated maps of these quantities over 
Indo-Pak and surrounding areas have very similar 
pattern and generally very well show the geometrical 
and geological features of the area. However, the 
map of the vertical-horizontal gradients shows more 
details than the rest of them due to the signal 
amplification factor ( )2n+  in its mathematical 
model. This causes that the high-frequency features 
of the gravity field to be more visible. Therefore, we 
can conclude that this quantity is the most suitable 
one for studying the shallow features. The map of 
deflection of vertical is smoother than this map as the 
geoid is already a smooth surface, we may conclude 
that such a map is suitable for studying not very deep 
features. Based on removal of the gravitational effect 
of TB masses from the gravity field prior to 
modelling Moho, the deflections of this surface 
mainly show the interior features which are at the 
depth of Moho. The magnitude of the shear stress 
those at very deep at sub-lithospheric level. What we 
can conclude from these maps is that they must be 
similar as below high topographic feature the geoid is 
convex upward and somehow follow the topography 
but in a very smoother way. For the Moho surface in 
is the opposite as it is convex downward below 
topographic features due to isostatic equilibrium so 
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as the sub-lithospheric stress which is even smoother. 
Therefore, finding correlation amongst these 
quantities is obvious. 
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